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l, Introduction

In the past, éhe Glauber1 approximatién for sca:tering amplitudes
has been applied to many problems in particle physics and in nuclear physicsz.
More recently, the Glauber approximation has been employed in the elastic
scattering of electrons by hydrogen atoms3’a. In these latter caclculationg—-
for angular distiributions as well as for “otal elastic cross sections--the
Glauber theory agrees surprisingly well with expe¢.: ‘ment, even at comparatively
low electron energies (< ~ 100 eV) where Glauber's formulation might be
expectad to break down. As a matter of fact, Glauber's theory is essentially
a diffraction approximations, wherein it is assumed that the incident plane
wave sweeps virtually undeviated through the region of interaction and emefgea
suffering only a position-dependent change of phase and amplitude; obviously
this assumption is likely to be invalid at low energies. On thc other hand,
the Glauber theory has the virtue--to which its aforementioned success in e-H

elastic scattering perhaps can be ascribed--that it takes account of the

interactions of the incident electron with both the target electron and the

target proton; for excitation processes, in most other easily computed approximat-

ions, the interaction between the incident electron and the proton either produces

identically zero scattering (first Born approximation, hereafter denmoted by
FBA), or elge is assumed to produce negligible scattering (impulse approxi-
mations. Vainshtein approximation7).

In view of the preceding paragraph, it seems reasonable to e..amine
the utility of Glauber theory in the inelastic scattsring of atomic hydrogen
by electrons, especially at energies < 100 eV, where FBA is known to be very
poor (see section 4). The aﬁecific reactions examined by us include

excitation of H(ls) to the 2s, 2p, 3s and 3p levels. The derivations of the



theoretical formulas eqployed are given in the two following sections. A
fourth and final section discusses the results obtained, including their

comparison with experiment,

2. Basic Formulas

In what follows, we suppose the target proton to be infinitely
heavy. Also, we neglect exchange scattering, which is not readily estimeted
in a diffraction theory like Glauber'’s; the possible significance of this
neglect will be discussed in the final section. Let ﬁii.hﬁf s ﬁ:i.m3£ be
respectively the momentum vectors of the incident electron before and aftex

the collision, and define

Place ti.e origin of coordinates at the proton, with the z-axis (also the
polar axis) along ii' Let ?.?! denote respectively the position vectors of

the target and incident electrons, and write

"4
o

+
Né

"t
]
oY
+
o~d

whére (see Fig. 1) s is the projection of T onto the X,y plane; correspondingly,
the impact parameter vector ? 1lies in the x,7 plane, and is the perpendicular
from the origin to the incident particle's initial trajectory.

With these definitions the amplitude Ffi(a) for collisions in which



thae atom undergoes a transition from an initial‘atntc i with wave function
u, to a final state f with wave function Ugy and in which the incident particle

imparts a mom.ntun'ﬁa to the target is given by1
Pey (@) = [ ug @) 1@ u ) exp1d-B) o’ & (1)
Moreover, in Eq. (1)
P@3) = 1 - o2XED) (2)

with the phase shift function

X(go:) - ':h",'];-i'f V(g.;.c) dg

the integral--along the trajectory of the incident electron--of the instanta-
neous potehtial between the incident particle and the target. For electrons

incident on atomic hydrogen, one finds readily3

: +> -+
'X(5,8) = 2n log (J"—E-LL) (3

where n = ezﬁﬁvi.

When the exponential in (2) is expanded in powers of x, the
first non-vanishing term in (1) is linear in X, and can be seen to be
identical with FBA., Retention of only the linear terms in X should be valid

at large Vg Thus one might infer that the Glauber predictions for Ffi(a)



A A
—m e v e d . W b o

Foatan @ D7

TR E eI R A e I Ve "L e 1 0

should merge with the FBA at sufficiently high ;ncident energies. This
inference is not really juatif&ed. however, for reasons which will be discussed
in section 4 below. In particular, for the inelastic cross sections

examined in this paper, the Glauber and FBA predictions at large scattering
angles (v 60°. for instance) apparently do not approach each other as the
incident energy is increased. However, at high energies large anzle scattering
generally makes a relatively inconsequential contribution to integrated cross
sections, whether elastic or inelastic. Therefore we gg_expect that the
Glauber total (i.e., integrated over angle) inelastic cross sections will
approach the FBA at sufficiently high energies. For the excitation p?ocesses

examined in this paper, the Glauber total cross sections become essentially

indistinguishable from the FBA at incident energies E 4 200 eV: VNI

Moreover, the derivationl

of the formula (1) explicitly assumes that § is very nearly perpendicular tc

fig this assumption also is specifically employed in the reduction of (1) to

useable form (see section 3).

In excitation from state i to state f, the differential cross

section is

do K
£1 K¢ > 12
= "R |Fe, (@) (4)

and the total cross section is



K
= 2
"frfx—: |Pg, (@ |° sinodede (5)

where 06,¢ are the angles in spherical coordinates'specifying the direction of
ff relative to ii’ Even in e-H(ls) collisions, the quantity Ffi(;) need not
be independent of ¢, i.e., need not be axially symmetric about the z-axis,
when ue denotes a final state of specified magnetic quantum number, as e.g.,
in the 1ls-2p excitation of hydrogen; ofvcourse. the differential cross section
summed 6ver final magnetic quantum numbers is independent of ¢.
The quantity Kf is fixed by
ﬁz

2nie

2
2 g 2 (6a)
tee "y YT

where €416, are the energies of the initial and final atomic states (with

éi = « 13,6 eV in the reactions we discuss). Thus from

qz - Kiz + Kfz - 2K,K; cos | (6b)

qdq = Kin sin6deé

we can recast Eq. (5) into the form

K, + K
i £ 2n
1 > 12
Teg = -l-(—z- dq q f dé IFﬂ(q)I (7?
i 0
Ky - K¢



.3. Cross Section Expressions

| The desired expressions for inelastic ls - 28, 1s - 2p, 1s - 3s and
1s - 3p excitation of atomic hydrogen by electrons now can be obtained fronm
Eqs. (1), (4) and (7), slong with the appropriate initial and final wave
functions. The immediately following subsection details the reduction of the
integral (1) to usable form in the li = 28 case. As will be seen, the
analysis closely parallels the proviousiy reported3 reduction of (1) in

elastic e-H scattering.

3.1 ls - 28 Excitation

Introducing now atomic units, for 1ls - 28 excitation

K[ ~3r/2 |2 - sl 2in 135

&
where, because a is assumed to lie in the x,y plane containing b and 1

(see Fig. 1), - - ‘ .~
G-t =pbcos (4 -4)
(9)

I b - ?|= [ b+s” =2bSces( ¢, - 4’5)]%

and of course

re= (sz + zz)aé' Moreover, for given ﬁf. i.e., for a given direction of

scattering specified by given 06,4 in Eq. (5), then as we have defined ;

¢’ = ¢-r-n.
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The expression (8) can be rewritten in the form

Fft’ 4 —{[2+ :—XJ I' (ZA)} (%

A=Y

I,(a’,.a\)-—'f‘-:f‘;,z & - (4 IV ") "] e 7“[‘:«{64@)(3454;341)

¥
)
Now, because of (9) and using Y = Zb‘.l(b2 + oz),
ve cbtain,
n . 750

I'=8b/(~ [277.. dﬁ (1- Ywﬁ)]e?‘(bdbd{})

X (s4s d&) (/%)

2n
"Z—HZ f«s Fa s N Josfon-033 / 19 (1-yeut "]
OB

™ o L ;
= the d'j[ ds s‘b/{,us)j:(ﬂ)[w- -f;%,)”'- dg ("Yw'f,)n]

rndz A
(14)

The result (14) is obtained from (13) by, e.g., introducing the new integration

variable
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t instead of 3 via 2 = g sinh v, and them enploying a standard fotmlas for
K " the modified Bossol function of the third kind,
The integral (14) is further reduced by transforming to polar

coordinates in the b,s plane,

SaRsme’
b= RCoSB'

This transformation makes y and 8/bY in (14) independent of R, so that we can
uee9

”

k .
jam K (ARswo") T (fR o) =12y ,F(s 05 1; ~Lets) 0o

o

,-

Furthermorelo

Fs, 25t Lete)m 14k L b)) (2,1 ets)

(/+ Cofb) //"“:}zcof;ﬁ,) (/4)“

Therefore,

T
I =M dafsmay(,.sa (,*._i__uf ) (I--i(’fa)
e (Asine’)S

,[, -#'Lcél’_a’)&ih;./ ag, (l-:m.u’asg)""_} (!7)
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From Eqs. (10) and (17), after setting A = 3/2,

lo % . 3,0 ’ . ,
> ,Z,lkﬁ da’ Sine Coso { —25mbe’+ ﬁ &COJ‘.’JM"O
F;‘- (?) - g‘ﬂ j | /‘”'.3‘4‘ %flc“&a')r[ " 7 f

‘ an 20 "
___,_;_,;& 1“&03"9'] :[, _le— {-z;-_:-;,) | odg(l—mzous?;,’.j}

(18)

- o -~ ~

Eq. (18) shows Fﬁ(a) is independent of scattering azimuth angle ¢, as it
should be in the present case of 1ls - 2s excitation. We have evaluated l“f 1(;)
numerically from Eq. (18) by two independent methods, which have yielded
essentially identical results. Our first method involves computing the
integral over ¢ s numerically, after which we pérfom the second nmt:l.call
integration over 6' (but, for convenience, first replacing 6' by the new
integration variable t viat = gind'), In our second method we have evaluated

the integral over ¢ s in (18) from the previously user13 formula

27 - Y, d) '
J ) ‘" ’." tu - O 3 /
fye o 4&, (1-sm2e CAS%) = ICOSLG" ’]‘: %f%, ‘%#I; l; Stn2e (ﬂ)

Eq. (19) can be derived, e.g., by writing (when, as in (18), 0 < 0' < n/2)
| = s ,zé,CpS% = |cos28’] [/Scc 28’ - | 1an2 6’/ Cosﬁ]

and then using a known integral reptesentationn for the Legendre function,

wliich 1s sxprou:lblen in terms of the hypergeometric function zrl.
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" To convert to c.g.s. units, replace K, and q in (18) by °oK1' and

aoq'. where the primed quantities are iu c.g.s. units (i.e., K ,' = mviﬁﬁ in

i
C.8.8. units), and multiply the right side of (18) by an extra factor a

consistent with Ffi having the dimensions of length.

3.2 l1ls - 3s Excitation
In atomic units, after introducing the ls and 3s wave functions,
Eq. (15 ‘becomes

- (K / d 117, nl"_}
7-'{.(?), 27 ) §ind3 (37+/8“+1,).) - 55

e‘.i"r (bdbdd ) (sdsd¢. dE) (2%)

evaluated at A = 4/3, Recalling Eqs. (11) and (17), one finds Eq. (20)

reduces to

F (4 31 LH: ZL ) Sine’ cose’ - sinbt’ - _g__ 7‘5»»”9'(.05‘9'
FV=m), Y G g pae)?

7

3 pieed’ -2 1 st ]
A

ain, A7 .
' / g ehn 2
x[l - 21;t (05,') j d¢ (1- smad csd,) (21

+
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3.3 1s - 2p Excitation

The observed 1ls - 2p excitation cross section is the sum of the
cross sections for excitation to each of the 2p magnetic substates. For our
present purposes, the electron spin, 21:»1/2 - 2p3/2 splitting and hyperfine
effecéa all are inconsequential, so that the electrons can be considered
spinless in effect, and the 2p magnetic substates can bc labeled merely by
the orbital magnetic quantum numbers m = 0, ¢ 1. Let the direction of ﬁi (the
z-ax’s employed in section 2) be the axis of quantization for the atomic wave
functions. Then for excitation to m = 0, Eq. (1) yields

Bol)e i vy [, (1mn)] 7T

27 ans

{Adbéﬂ)(m dgdz) [y

‘where 2 = r coees and A = 3/2, Thus Ffi(a) from (22) vanishes, since it is

integrated from z=-e to + » and the integrand is an odd function of z.

It can be seen that this result--namely that Ffi(E) vanishes for excitation
to the 2p m = 0 state--is a consequence of the Glauber theory assumption

that 3 is perpendicular to iE_i. In FBA, where one does not assume E J_ Ei. the
ls = 2p m = 0 excitation amplitude is not identically zero., However,
examination of the quite complicated closed form FBA expressionsl3 for the

l1s - 2p m= 0, ¢t 1 amplitudes indicates that (for those scattering angles
making the predominant contribution to the excitation cross sections) the

m = 0 amplitude becomes negligible compared to the m = ¢ 1 amplitudes in the
limit E1 + «», This conclusion concerning the high energy behavior.of the

FBA 1s - 2p m = 0, £ 1 amplitudes is supported by numerical calculationsla,

which show that the FBA 1ls - 2p m = 0 integrated cross section decreases
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-é much more rapidly than the FBA 1s = 2p m= ¢ 1 ;ntegrated cross sections as
the energy increases from 13 eV to 200 eV. Thus the Glauber result that the
1s = 2p m = 0 amplitude vanishes is not inconsistent with the expectation

. e (explained in section 2) that the Glauber total cross section predictions

should merge with the FBA at large E We stress that the preceding

10
sentence pertains to quantization along ii only. In FBA it is more usual

and more convenient to quantize along 3; in which event the FBA 1s = 2p m = ¢ 1
amplitudes vanish, and the dominant FBA amplitude is the 1s - 2p m = 0,

For 1ls - 2p excitation tom = 1,

P (f)= _.J/ re ‘fma eeD-(—’—‘-’ﬁJ) Je

't (md,b )(sds d¢; 4%)

(23)

with A again = 3/2, But r sine8 = g, So (23) can be rewritten as

2 )4 . c(4- l-*'Z’
..A(34-2,) ea.q% d@a e *i %%J e"L

&/{duﬁ ‘2[(%3-.¢%%(z.'(7jtgz)z£t) Y
3 s b
; Recalling (9), in (24)

3 /44’ & (% {06)[/ /'LE— )/d¢ cosP //-Yc.sﬂ)

(2

Fre (D)= ‘k‘/ds dbdz bs"e

where Y is8 as in Eq. (12). Thus

F-{i’)=-’f«;—§i¢7_/ds dbdz bs* e_”‘("") (;A)/-é-)jw‘ (- Yot
f‘ gn

(26)

N4 29 in (7 ¢ (1- Y054, i
.-:.’%71&46 ik, 0s) 7,30 (3 / RO
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As in subsection 3.1, introducing po;ar coordinates in the b,s
plane, Eq. (27) reduces tc

l{ (f), ? ebﬁ/ @ ;03 oas”"a Bl;:-T’ Co$ O_I(L_L) dgmf.’fl—r@f)
t 3”)" :
(mi0™s 3 gras’ (28)

vhere Y = 8in26', We have computed I"f i(‘b numerically from (28), after

introducing the new integration variable t = sin@'. Note that FHG) now

dependa' on the scattering azimuth angle ¢ = Qq - v, as foreshadowed in gection
2. However, IFH(;)lz remains independent of ¢. The quantity Il'ﬁ.('ci)l2 for
ls - 2p m = - 1 cbviously is the same as for m = 1,

In (28), the integral over 0. cho' can be expressed as a

15

hypergeometric function. Using (19) and the properties~ of the derivative

of 21'1.

“n chtl
[ﬂd% Cosgh (- ‘/u-‘ﬂ)' (.'m) 5 / d% (I—YCDS%)

Th+ 3
_ T3 ) E ' h "]
T aY[(’_Y) R lg ! Trg 715)/)

'h"'i’

. ; :L . L
=XV (1Y) R (e, 30E 2 YY)
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3.4 1ls - 3p Excitation

As in subsection 3.3, the 1s - Jp m = 0 amplitude vanishes; also, the
values of lrfi(E)lz for m = ¢ 1 are equal and independent of ¢. Por

ls - 3pm= 1], we find

K
g c% 2 / ’ * 2 /
F =2 K. g e 46'Cos’ Sin'e [A"‘/g,\_ 7)s:»“o$:z,\¢§,n‘a’cm‘o
4 7 T L anl a2 )6
27T o (A'sm0'+g%ces®)

” N
(]

(29)

evaluated at A = 4/3,

4., Results ahd Discussion

In the immediately following subsection, we concentrate on the total
cross section for 1s - 2s excitation. Subsequent subsections discuss °2p 18;

present the computed 945 .18 and ¢ 1a’ and examine the predicted differential
?

3p,
cross sections. Conclusions concerning the validity and utility of Glauber

theory for computing excitation cross sections in electron-atom collisions, as
evidenced by the results of this paper, are summarized in the final subsection

4.5.

4.1 Total 1ls - 28 Cross Section

. Figure 2 compares our Glauber total ls - 28 excitation cross sections

with a variety of previous theoretical estimates of %6 18" Specifically,
]

Fig. 2 plots Tag vs. Ei as computed via FBA,]'6 (curve 1); second Bom

18
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approximation;7, in which however contributions from coupling to highly excited

(principal quantum number n > 5) intermediate states have been estimated only
approximately, using closure (curve 6); distorted wave approximntion18 (curve
7); a 1s = 28 - 2p close coupling calculation, including exchange19 (curve 5);
FBA combined with the Ochkur approximationzo for the exchange amplitude (curve
2); the so-called Vainshtein approximation7 (curre 3); and finally the Glauber
(curve 4). It is seen that all methods give essentially the same results above
200 eV, and that significant differences between the various approximations do
not set in until the incident energy is decreased below 100 eV. We note that
the Glauber predictions tend to lie below the others, especially at energies

< 30 eV. In particular, the Glauber 029,15 is well below the FBA at energies

< 100 eV; this behavior of the Glauber excitation cross section °23,13 contrasts
with the behavior of the Glauber elastic als.la’ which exceeds the FBA °13,19
at all energieaa.

Figure 3 compares the experimentally observed ls - 2s excitation
cross sections with the Glauber predictions (solid curve). The solid circle
data points are from the very recent measurements of Kauppila, Ott and Fite21.
The agreement between these observations and the Glauber theoretical values is
quite good in the energy range above 30 eV. Referring to Fig. 2,6 it can be
seen that--except for the Vainshtein--the Glauber is the only tteofetical
estimate which will be reasonably close to the data of Kauppila et al. in
the energy range 30 eV to 100 eV; all other theories predict 023,15 cross
sections which are much too high, e.g., the FBA (dashed curve in Fig. 3).
Moreover, it is fair to say that the Vainshtein approximation rests on a very

uncertain theoretical foundationzz, in that calculations via this method

incorporate subsidiary physically unjustified mathematical simplifications (e.g.,
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fff a so-called peaking approximation) introduced solely for the purpose of making
integrals tractable.

We also remark that although the magnitudes of the experimental cross

21,23

sections have been in dispute for some years » 1t seems unlikely that

futurc.oxporim-nt- will yield observed Oog much larger than observed by

Kauppila et al.zl, i.e., it seems unlikely that future experiments will cause

v 18

the Glauber to look poorer than, e.g., the 1s - 28 - 2p close coupling (curve
5 of Fig. 2) in 30 eV < Ei < 100 eV. The very careful experiments of
Kauppila et al. assume that °2p,13 is correctly given by FBA at 200 eV, which
is a perfectly reasonable assumption, judging by Fig. 4 below. Actually their
results show that Kauppila et al. equally well could have normalized their

inferred o, to the Born approximation o, at 200 eV, which energy should

8,1s s,1s

be high enough for the FBA ¢

28,18 to be reliable, judging now by Fig. 2.

Moreover, the results of Kauppila et al. lie above those reported by Hils,
Kleinpoppen and Koschmiedetza, who normalized to FBA at the even higher energy

of 500 eV. At very low energies, Ei < 40 eV, there are 9, data by

25

s,1ls

Lichten and Schulz™™ which originally were reported to lie considerably higher

than the Kauppila et al. points of Fig. 3, but which were based on normalization

to FBA at 40 eV, which clearly is too low an energy to rely on FBA. When the
'E ' Lichten and Schulz data at 25 eV are renormalized so that they coincide with
Kauppila et al. at 25 eV (which in effect renormalizes the Lichten and Schulz
data to Fﬁk.;t 200 eV), the Lichten-Schulz and Kauppila cross sections are in
quite good agreement21 over the entire energy range E1 < 40 eV wherein the
twvo experiments overlap.

Another remark worth making is that 1n the very low energy'range

10.2 eV < E1 < 13 eV, six state 1ls - 28 ~ 2p - 38 - 3p - .3d close coupling
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calculations (including exchange) have been carried out26, whose results are
quite cloaez1 to the Liéhten and Schulz data renormalized as described in the
preceding paragraph. Furthermore, this inclusion of coupling to n = 3 states

significantly dectease326 the predicted Org from their three state

18
ls ~ 28 - 2p close coupling valuas (curve 5 of Fig. 2). 1t is possible,
therefore, that a six state close coupling calculation would satisfactorily
agree with the Kauppila data points of Fig. 3, perhaps even over the entire
range 10.2 eV < E1 < 200 eV. At the present time this possibility cannot be
verified however; because the computations are so tedio#n, no six state close

i
Thus for close coupling predictions at Ei > 13 eV one is forced to fall back

coupling calculations of 99g.1 8t energies E, > 13 eV have been carried out.
o1

on the obviously inadequate (for energies 13 < E1 < 100 eV) three state

ls - 28 - 2p resultslg. Actually, the success of the Glauber in Fig. 2--if
not fortuitous--suggests that the close coupling method is much more elaborate
than necessary, for predicting gy 8,18 in the energy range E:I. > 30 eV at any

rate; certainly the Glauber diffraction approximation ignores the interchannel
coupling (supposedly capable of causing many successive excitations and
deexcitations during the incident election's transit of the target hydrogen
atom) whose inclusion so greatly complicates the close coupling computations.
As explained in section 2, the Glauber curve of Fig. 3 perforce
neglects electron exchange. Therefore the Glauber theory's apparent success
for 023,13 excitation indeed would be fortuitous if neglect of exchange were
unjustified above 30 eV. Various theoretical calculation327 indicate that
' exchange should be quite negligible at incident energies E1 > 100 eV, but may
become fairly important at E1 < 50 eV. Unfortunately, there are no very

reliable means of quantitatively determining exchange contributions to cross

sections at those low energies where exchange is likely to be non-negligible.
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However, we have employed the Born-Oppenheimer (B-0) apptoximation27 to estimate

the exchange amplitude 1nlls - 28 excitation, Iﬁ this 1ls ~ 2s case, including
the B-0 exchange amplitude along with the Glauber direct amplitude alters the
solely Glauber predictions by only a few percent for 40 eV < E1 < 70 eV and
.all consequential scattering angles (angles making non-negliﬁiblc contributions
to the integrated cross section); above 100 eV the exchange contribution
estimated in B-0 is utterly negligit .e, as far as the integrated cross section
is concerned. Similar comments pertain to use of the Ochkur approximation for
the exchange amplitudezo. Below 40 eV the B-0 exchange amplitude becomes more
important compared to the Glauber direct amplitude, but in this energy range
the B-0 amplitude tends to overestimate the exchange contribution..al is well
known27. We conclude that neglect of exchange in the Glauber curve of Fig. 3 is
justified in the energy range E1 > 30 eV where the Glauber fits the data of
Kauppila et al. Neglect of exchange may be a reason (though not the sole possible
reason, see subsection 4.5 below) for the apparent failure of the Glauber theory
at E1 < 30 eV in Fig. 3.

The measurements plotted in Fig. 3 do not distinguish between H(2s) atoms
created by 1s ~ 28 excitation, and those produced by radiative cascading to H(2s)

after excitation to higher levels, e.g., H(4p). Therefore the effective %26 18
4

observed in the experiments quoted in Fig. 3 must be

d’% = 6;,:5 ’ Z—’ P {}“—7 zS) g'-a.'-‘. (30)
¢

~ v o

25,18

summed over all energetically accessible levels j lying above H(2s), with
P(§ + 28) the probability of cascading to H(2s) after initial excitation to
H(J). The predominant cascade mechanism to H(2s) is via excitation to H(3p),

i.e., the largest term in the gbove sum corresponds to j = 3p. Thus it is
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customary to rewrite (30) in the more convenient form

GC” = 0 *KO- _(;')

25,18 5,19 3P, 1S

28 combined with

21,24
9

wvhere v is computable from known transition probabilities

estimates of theratioso It seems to be generally agreed

k| ,13/°3p.13'

on the basis of Hummer and Suton'.ss?'9

FBA estimates of these ratios, that

vy = 0.23 over a broad range of energies. Consequently the theoretical curves
in Fié. 3 are plots of the right side of (31), using vy = 0.23. To be quite
specific, in the dashed curve of Fig. 3 we use the FBA values of 02.. 1s and
°3p,le; in the solid Glauber curve we use 023,13 from Fig. 2 and the Glauber
°3p.10 from Fig. 6 below.

Actually, we have recomputed y, using a somevhat more extensive set“

of computed FBA cross sections than was available to Hummer and Seatonzg.

We find y indeed is very nearly comnstant over the energy range of interest
in Fig. 3, but that vy = 0.19 rather than 0.23. Use of this smaller value of
vy makes the agreement between the Glauber theory and the Kauppila data even
better than is shown in Fig. 3; however, because we have no prior assurance
that the Glauber predicted 023,13 and °3p.13 axe very accurate at E:l > 30 ev,
we do not wish to conclude that y = 0.]9 is nearer the truth than y = 0,23

and o are used in Eq. (31). We add that if (as

when the exact 023,19 3p,1s

we claim) Glauber theory really is much superior to FBA, then the ratios

o lo used to compute y should be estimated from Glauber calculations,
3,18" "3p,1s

not from FBA. After j = 3p, the most important contributors (in FBA) to the

sum in (30) are the j = np terms, n > 3. We have not computed the Glauber

o for n > 3, so that we cannot immediately test the validity of the FBA

np,ls

”
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/o

compare the FBA and Glauber ratios °3p 1./°2p 1e° We find that these ratios
] »

estimated ¢ for n > 3., But our computattono do enable us to

np,1s” "3p,ls

are very nearly equal at energies Et > 30 eV. Therefore, for energies
exceeding 30 eV at any rate, estimates of vy in (31) from the FBA ratios

?111-’°3p,1. should be quite accurate.

4.2 Total ls - 2p Cross Sections

In Fig. & we compare theoretical and experimental values of the
total 1s - 2p excitation cross section. The sources and descriptions of the
theoretical curves in Fig. 4 are the same as those cited in connection with

17 second

Fig. 2 above, e.g., curve 6 in Fig. 4 is the Holt and Moiseiwitsch
SBorn approximation for °2p,ls’ in which however contributions to highly

excited (n > 5) intermediate states have been estimated only approximately,
using closure. As in the ls -~ 28 case, all theories are fairly close for

E, > 100 eVy for E, < 100 eV the Glauber tends to be significantly lower than

i i
other theoretical calculations, excepting the Vainshtein (curve 3). The
triangles in Fig. 4 are the experimental data points of Long, Cox and Snithao,
vhich are the most recent measurements of 029,13’ and which are in good
agreement with older e:perimentssl’az. Because cascading is estimntedao to
make only a two percent contribution to the observed °2p,13’ in Fig. & it
is legitimate to compare the observed data points with theoretical curves
uncorrected for cascading (as would not have been legitimate in Fig. 2).

Again we see that the Glauber theory is in good agreement with experiment at
energies E1 > 30 eV, but 1s rather lower than observed for Ei < 30 eVv. In
particular, at energies 30 eV < Ei < 100 eV, the Glauber is distinctly superior
to all other theoretical calculations shown in Fig. 4, excluding the not

well-founded Vainshtein.
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Actually, the data points shown in Fig. 4 have had to be computed

30

from the values reporced by Long et al.™ , because those chservers--as well

as previous workot-31'32

--only measure ql: defined as 47 times the number of
Lyman alpha photons per unit solid angle emitted in a direction perpendicular
to the direction of the incident electron beam, normalized at 200 eV to the

number expected frow FBA. The total cross section o to be plottid in Fig. 4

is given in terms of 91;by33
(3v
0= 3- P Q.
3
vhere the polariszation fraction P.has its customary u2finit’or
p-_Lui- L (33

I, +1,
in terms of the intensities, observed at 90° to the electron beam axis, of
the Lyman a components having electron vectors parallel and perpendicular to
the electron beam axis. Values : °* P(Ei) have been measured recently by Ott,
Kauppila and Fiteaa. Using thes:  lues in (32), together with the normalized
QLFEi) reported by Long et 21., yields the data points plotted in Fig. 4.

34 classical

Recently there has beer much interest in the Gryzinski
model for prediction of atomic collision cross sections. The Gryzinski
predictions have the virtue that they are extremely easy to compute, even
easier than the FBA and the Glauber. However, the Gryzinski preocription36
for computing excitation cross sections yields only the total cross section
for excitation to the n = 2 levels of atomic hydrogen; the Gryzinski
formulation does not distinguish between excitation to degenerate (or nearly

degenerate) levels of different orbital angular momentum. For this reason,
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in Fig. 5 we have plotted theorstical and experimental values of the total
cross section for cxcit;tion to the hydrogen n ; 2 levels. The solid curxve

is the sum of the Glauber curves (curves 4) in Figs. 2 and 4; the dashed

curve is the similar sum of the FBA curves (curves 1) in Figs. 2 and 4; the
dot-dashed curxve is the Grysinski prediction, as computed by Stlbloras. The
triangles in Fig. 5 are the data, obtained by adding the solid circles in Pig.
3 to the triangles in Fig. 4. Evidently the Glaubar is a much better fit than
the Gryzinski; however, the trivial Gryzinski computation does correctly

predict the peak combined cross section (02' 1s +0 ) to within 50%. We
»

2p,1s
note that in adding the experiment:l points of Figs. 3 and 4 we are including
the contribution from cascading to H(2s), which contribution is not included
in the theoretical curves of Fig. 5. On the other hand, the experimental
points in Fig. 3 lie much lower than those in Fig. 4, i.e., the experimental
(and theoretical) curves in Fig. 5 are dominated by %p,18° consequently,
subtraction of the cascading contribution to the experimentally observed
H(2s) production would emly alighgly modify the experimental points of Fig.

5.

4.3 Total 1ls - 38 and 1s - 3Ip Cross Sections

In Fig. 6 are displayed the Glauber predictions for °3s,ls and
°3p,la (solid cuvrves), togeiher with Fniukahart dashes) and distorted wavels
(long dashes) calculations; in addition, for 1ls - 3p excitation only, there
are shown results computed in a two state ls - 3p close coupling approximation
including exchange. There are no reliable data with which these predictions

can be compared. The relations between the various curves in Fig. 6 are much

the same as was found for the corresponding curves of Figs. 2 and 4.

19
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4.4 Differential Cross Sections

As yet we have not discussed differential crose section predictions;
these are shiown in Fig. 7, for excitation to 2s, 2p, 3s and 3p at an incident
electron energy of 100 eV. In Fig. 7, the solid curves are the Glauber
results; the dashed curves are FBA differential cross l.étionl. taken from
Mott and Mhsseyss. The absolute differential cross sections are plotted in
Fig. 7, with the scale on the left referring to the 1ls ~ 28 and 1ls - 38 curves,
while.tﬁe scale on the right pertains to the 1ls - 2p and 1ls - 3p curves. The
scales in Fig. 7 are much more condensed than those employed in Figs. 2, 4
and 6, so that, e.g., the differences between the FBA and Glauber 1ls - 2p
curves in Fig. 7 do account for the roughly 107 difference between the FBA
nd Glauber total °2p.13 curves of Fig. 4 at 100 eV.

As in e - H elastic scattering?’4

» the Glauber ‘and FBA curves of Fig.
7 all decrease monotomically with increasing scattering angle 6. In a

number of other respects, however, the relations between corresponding Glauber
and FBA curves of Fig. 7 are rather different than was the case for eiastic
scattering. At large angles, 6 > v 40°, the Glauber inelastic differential
cross sections are significantly larger than the FBA; in elastic scattering

3,4
?

ot large angles the FBA and Glauber were practically indistinguishable but

if anything the FBA exceeded the Glauber. In elastic scattering at angles

0° <0 <n 400, the Glauber always exceeded the FBA, with the difference
between the FBA and Glauber becoming quite large at very small angles 6 < v 10°;
as a result, the Glauber total elastic cross section %1s.18 exceéded3 the FBA

(4] On the other hand, in the 100 eV differential cross sections of

ls,18°’
Fig. 7, the Glauber ls - 2s curve only slightly exceeds the FBA 1ls - 2s in

the angular range 6 < 10°, while at intermediate angles 10° < 0 < 40° the
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Glauber 1s ~ 28 lies significantly below the FBA; consequently, recalling
that in computing the total cross section the Jifferential'cr&os section . -
do/df} is weighted by an extra factor sin 6, it is understandable that the
Glauber total inelastic 023,13 turns out to be less than the FBA 023,13 at
100 eV, as was shown in Fig. 2. In the 1ls -~ 3s case, the Glauber do /4R of
Fig. 7 starts out only very slightly above the FBA at 0°, and falls below
the FBA at an angle 0 as small as 2°. The 1s - 2p and 1s -~ 3p Glauber curves
of Fig.. 7 lie below their corresponding FBA curves even at 0°.
The features of the foregoing comparisons between Glauber and FBA
inelastic differential cross sections are quite characteristic, i.e., these

features appear to persist at essentially all energies 10 eV < E, < 200 eV. In

i
general the differences between the Glauber and FBA inelastic do/dQ become
more marked at consequential angles (angles contributing significantly to

the integrated cross section) as the energy is decreased. To illustrate this
remark, in Fig. 8 we plot les.I‘(;)lz from Eq. (18), as a function of qz.
for incident energies of 50 eV, 100 eV and 200 eV (solid curves); for
comparison the FBA IFZO’IB(;)IZ, which is independent of incident energy,
also is shown (dashed curve). For given E » gz(e) is a monotonically

increasing function of scattering angle 6, but the value of q2 at 0° increases

as the incident energy decreases, e.g., at Ei = 100 eV, q2(0°) = 0,02, while

at E, = 50 eV, q2(0°) - 0.04.;fihus the fact that in Fig. 2 the FBA o

i 28,1s
lies increasingly above the Glauber 0y s,ls as the energy is decreased from
200 eV to about 20 eV also can be understood from Fig. 8, recalling that in
computing the total cross section via Eq. (7) the quantity IFﬁ(E)I2 in the
integrand is weighted by an e;tra factor q, while the lower integration limit

is [qz €09 %, Below about 20 eV the Glauber and FBA %26,1s again approach

1

Moreover, in the range 107" < q2 <~ 3 the Glauber curves lie below the Born,

memuaouEiuuuum
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§§ 3 each other in Fig. 2 because the integration range K, = K¢ to K + K¢ in
: Eq. (7) rapidly diminishes as threshold Ke = 0 ia approached.

The only angular distribution data with which our Glauber predictions
can be compared are those of Hilliam337, vho has measured the angular
distribution of those scattered electrons whose energy loss corresponds to
excitation of the n = 2 levels of atomic hydrogen. Figure 9 shows Williams'
‘tfs data points (labeled 1) at #n incident electron energy Ei = 50 eV, normalized
_ at 20° to the sum of the cross sections for excitation of H(2s) and H(2p),

as calculated (at 54 eV) by Scott38 in the 18 - 28 - 2p close coupling

approximation. Curves 2 and 3 in Fig. 9 also are taken J'rectly from Williamss7.

R R L DL A

Curve 2 shows the aforementioned 1s - 28 - /p close coupling predictions38;

T

curve 3 shows the Born-Oppenheimer (B-0) predictions (again at 54 eV), also

normalized at 20° to the observations. As Williams remarks, at angles

o <~ 80° the B-0 curve is essentially identical with the FBA. Aﬁ angles

0 > 80° the effects of electron exchange caise the B-0 curve to turn up;
the FBA, vhich neglects exchange, continues to decrease monotonically as 6
increases beyond 80°, consistent with our discussion of Fig. 7. Curve 4 of

Fig. 9 displays the Glauber predictions, for Ei = 50 eV, normalized (1ike

the other theoretical curves) to the data points at 20°%. At angles

20° < o < 40° there is not much to choose between the various theories. For
8 > 40° the 1s - 28 - 2p close coupling gives a quite good fit, whilg the FBA
or B-0 are clearly bad fits. The Glauber is not ﬁuite as good as the

ls - 28 - 2p close~coupling at 0 > 40°, but the Glauber fitvcg:tainly is not
poor. It will be'thalled that the 1s - 28 -~ 2p close coupling calc;lntions
-—-although much more arduous than the Glauber--at 50 eV actually predicted

mich less accurate total %26,1s and %2p,1s than did the Glauber (Figs. 2 - 4).
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Figure 10 compares Williams' data37 (curves 1) with theoretical
angular distributions at incident electron energies of 100 eV (Fig. 10a) and
200 eV (Fig. 10b). At these energies there are no close coupling calculations,
so Williams fitted his cbservations to the B-O (curves 2) at 21°, As was the
case at 50 eV, these 100 eV and 200 eV B-0 curves are bad fits to the observed
points. In addition, Fig. 10 shows the Glauber predictions (curves 3), also
normalized to Williams' data points at 21°. At 100 eV the Glauber again 1is
an acceptable fit; at 200 eV the Glauber fit is excellent. It is noteworthy
that at fixed large angle (e.g., 0 = 60°) the deviation between the Glauber
and the FBA increases with increasing energy in Figs. 9 - 10, contrary to the
(now seen to be dubinus) inference in section 2 that the Glauber Ffi(a)
should approach the Born Ffi(;) at high energies. We add that except at
backward angles, where the Bhd amplitudes approach the Glauber, inclusion
of electron exchange could not significantly modify any of the Glauber curves
in Figs. 9 - 10.

Of course, 200 eV is not really a high enough energy to justify
retaining only the leading term in the expansion of tle exponential in (2);
in fact; at 200 eV the expansion parameter 2n in Eqs. (2) and (3) equals .

In other words, at 200 eV the energy still is too low to be confident of the
argument-~-via expansion of eix in (2)--which seemingly reduces the formula

(1) to the FBA scattering amplitude. Still, 2n is not large compared to unity
at 200 eV; moreover, it is curious that the Glauber and FBA should be so
divergent at wide angles in Fig. 10b, in view of the fact that for elastic
scattering the 200 eV Glauber and FBA predictions are-indistinguishableb for
angles e;ceeding 30°. We stress that even without normalization to the same

value at 0 = 21°. the FBA and Glavber integrated cross sections from Fig. 10b
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will be practically equal, as we already know from Fige. 2 and 4 at 200 eV.

In other words, the angles where the FBA and Glauber curves of Fig. 10b diverge
widely unquestionably are quite inconsequential for purpo‘ea of computing the
200 eV total cross section for excitation to the H n = 2 levels, as can be
directly verified from Fig. 10b (and its extraﬁblation to 6 = 09).

For the purposes of the next subsection, it is desirable to assure
ourselves that the divergence at large scattering angles between the FBA and
Glauber angular distributions of Fig. 10 is consistent with Fig. 8. At
E, = 200 eV, or 100 eV, th; FBA and Glauber I?i2 shown in Fig. 8 lie close
to each other only for qz <~ 3; at larger qz the FBA |l’|2 becomes very
small compared to the Glauber. Now at 200 eV, qz(e)--which increases

monotonically with 6 at fixed E,~-equals 3 at about 6 = 25°. Thus the

i
angulat'range for which the FBA and the Glauber predict very nearly the same
ls - 2s differential cross sections at 200 eV is largely off scale in Fig.
10b. At 100 ev, qz(e) = 3 at about 6 = 40°, so that curves 2 and 3 in Fig.
10a do not begin to diverge until 6 exceeds 40°.- Actually, it isnot possible
to understand Figs. 10a and 10b solely from the 1ls - 28 curves of iig. 8,
because 1s - 2p excitation contributes importantly tec Fig. 10. However, the
variation with q2 of the 1s - 2p do/df 1s not qualitatively dissimilar from
the corresponding variation of the 1ls -~ 2s do/dq, asxyig. 7 indicates, 80.

that concentrating solely on the behavior of the 1ls - 28 curves of Fig. 8 does

yield qualitatively correct interpretations of Figs. 10a and 10b.

4.5 Conclusions and Critique
| From the results which have been discussed, it is legitimate to

conclude that the Glauber theory is a useful fairly accurate means of
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predicting total cross sections for excitation of atomic hydrogen by electrons,
at energies 30 eV < Ei < 200 eV: in fact, in this energy range, if theories
of e - H excitation are judged on any reasonably weighted combination of

reliability, ready computability and theoretical soundness, no other theory

seems at all competitive with the Glauber. Whether similar conclusions

would hold for other atoms and other incident projectiles, e.g., e - He and

p - H collisions, is a question well worth investigating. For instance, in
many electron atoms, where Ffi(;) from Eq. (1) must be integrated over the

coordinates ?1.;2,..., of all the atomic electrons, it is far from cbvious

that Ffi(a) can be reduced to a readily computable form without subsidiary

error-introducing simplifying mathematical approximations.

The angular distribution results we have quoted certainly justify the
conclusion that the potential utility of Glauber tliecory for prediciions of inelastic
(a; well as elastic) differential cross sectioms in electron-stom collisions
cannot be lightly dismissed. As a matter of fact, judging by Figs. 9 and 10,~ T
Glauber predictions of differential cross sections;-for e - H excitation in
the same energy range 30 eV < Ei < 200 eV~-are almost as succegsful as are
the Glauber total cross section predictions. At first sight, this last
assertion is rather surprising. In Figs. 9 and 10 the main advantage of the
Glauber lies in its ability to predict the observed angular distributions at
wide scattering angles, where the B-0 and FBA differential cross sections
are far too low; at smaller angles~-as Figs. 7 - 10 indicate--normalized (not
absolute) differential cross sections are fitted no better by the Glauber
than by the even more readily computable FBA. However, as explained in

section 2, our calculations specifically have assumed that the momentum

transfer ; is perpendicular to Ki’ i.e., that ; in Eqs. (1) or (8) lies in
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the x,y plane containing ® and 8. Whether or not the incident energy is high,
'i’ cannot be perpendicular to T(; at the wide angieo vhere FBA fails in Figs.
9 and 10. In other words, it appears that the Glauber predictions are
successful in Figs. 9 and 10 at just those angles where Glauber theory might
be expected to break down.

On the other hand, the foregoing objection to Glauber theory is
specious. In Clauber theory, the phase di!zcortion of the wave function is
approximated via integration zlong a straight line supposedly representing
the undeviated path of the incident electron; this is how one arrives at
the formula for x, Eqs. (2) - (3). For wide angle scattering, as Glauber

(1’2), it is a poor approximation to suppose the electron path is

remarks
always parallel to iti. A better approximation, which treats the initial and
final directions symmetrically, results from the assumption that the electron's
undeviated straight line path effectively is parallel to !s(ifi + Kf). But,

recalling Eqs. (6)

4 - - ‘; IR _ i . {éf —é‘_)

J(E+F) KK _am(€& - ) S _

B BR) FIRAR [Tk V=g kK cos g% [y~ @t +¥EGanp) %
(34

Thus at large scattering angles (not too near 6 = 180°), choosing the z-axis
along k(ﬁi + iEf) automatically implies that ; very nearly lies in the x,y
plane at not too low energies. For example, in 1ls - 2p excitation at

E, = 200 eV, the right side of (34) = ~ 0.05 for 0 = 30°. Moreover, at any
given fixed scattering angle it can be seen that zlrﬁ('q’.nf)lz summed over
all final magnetic quantum numbers n, does not depend on the direction of

quantization of the final boundstate wave functions uf(ni) « Therefore the
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Glavber differential and integrated ¢ - H(1ls) cross sections we have computed
are exactly the same as we would have obtained if. at the very beginning--back
in Bq. (1)--we had made the (superior at all not too low energies) supposition
that the z-axis lies along k(-li’i + -l-(’f).

The preceding paragraph-has made it underetandabls tnat Glouber L.
theory accurately predicts differential cross sections at wide angles and not
too small incident energies. It also is possible to understand the fact--
remarked in subsection 4.4--that at wide angles the Glauber and FBA elastic
differential cross qeetionsa'4 approach each other with increasing Ei’ whereas
the Glauber and FBA inelastic do/d apparently are increasingly divergent
with increasing Ei' At high energies, large angle elastic scattering of
electrons from H(!s) results predominantly from close collisions between the
incident electron and the proton; the atomic electron has too small a mass
(altermatively, has too apr;ad out a wave function) to give large deflections
to the incident electron. Similarly, one expects that wide angle inelastic
scattering results from interactions of the incident electron with the proton
as well as with the atomic electron. In FBA, however, the inelastic
scattering produced by the interaction ezlt‘betwoen the incident electron and
the proton vanishes because the initial and final bound state wave functions
are orthogonal. Therefore the wide angle inelastic scattering in FBA results
only from the relatively ineffective electron-electron interaction, which
explains why the FBA angular distributions of Figs. 9 - 10 decrease so much
more rapidly with increasing angle than do the cotreapondinga’a FBA elastic
do/df. This artificial and misleading elimination of the ezlr'intoraction
does not occur in the Glauber. Consequently, one eapcgto--and finds, as

comparison of Figs. 9 ~ 10 with Fig. 1 of Tai et ll.4 shows~-~that at any
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given energ; the Glauber wide angle inelastic and elastic do/dQ decrease at
about the same rate with increasing angle; the fact that at a given energy

the experimental elastic and inelastic do/df} resemble each other already has

37. Returning to the expansion of ‘1)( in povers of

X, 1t appears from the previously reported cal.cuhtloma" and from the

been remarked by Williams

foregoing discussion that at Ei > 200 eV keeping only the linear term in x

is not too bad for wide angle elastic scattering. But for inelastic scattering
at a fixed large angle--where the contribution from the electron-electron
1nter¢e£1m decreases so rapidly with increasing Bi--t!ng linear
ix

after removal

of the oz/r' interaction by orthogonality, and the Glauber does not approach

‘ the FBA as Ei increases. It is relevant to later discussion to note here that

vhen retention of only the linear term in x is justified, the formula (1) reduces
to FBA for each final magnetic sublevel, wvhatever the quantization direcﬁon
of the atomic bound states, and whether or not the assumption 'q'o’lfl =0 is
valid.
For the inelastic collisions of interest in this paper, where
Kfi < Ki’ the assumption t.hat-: is very nearly perpendicular to -l(’1 fails at
small scattering angles as well as at large 6. To make these remarks more

specific, write
> 2
i: 7” -+ 2_‘_

> - > + i'
vhere q “ lies along ‘1’ and qJ_ is the component of q perpendicular to 1°

In texms of 0
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g” = /([- kaosb

;,_ = /ff Sin 6

In elastic scattering, vhere Kf - Ki’ it is evident that q“ becomes neglibible
| compared to ql as 0 + 0, 1i.e., in elastic scattering the.aesqmption ;-izi =0 is
increasingly valid as 0 + 0 at fixed E,. When K. < K,, however, qllq“ +0

as 0 » 0 at fixed Ei' i.e., the vector 7now becomes increasingly parallel
co-l—(: in this limit. PFurthermore, as Eq. (34) shows, at small angles and
moderate-to-low energies, failure of the assumption 'c'rl?i = 0 cannot be

remedied by using k(.;l: -l--l—(’f) as the gz-direction. One can argue that at large
Ki the angular range near' 0 = 0 where q“ << ql fails is too srall to make

a consequential contribution to the integrated inelastic cross section. As

K:I. decreases, however, q” «.: q .|. is invalid in an increasing angular range
near 6 = 0, and eventually this range becomes large enough to be consequential
in the integrated cross section. It is probable that this failure of the
fundemental assumption ;-Ki = 0 near 6 = 0 is associated with the rapid dropoff
of the Glauber below the data points in Figs. 3 and 4 as the energy decreases
below v 30 eV. At such low energies, where the whole idea of approximating
the incident electron trajectory by a straight line path breaks down, it is
not easy to decide quantitatively what kinds of errors the Glauber ‘apptdxiuuon
is producing; but it does seem that under these circumstances supposing that

q lies wholly in a single x,y plane perpendicular to the entire :I.ncidem:
electron trajectory—whether this plane is supposed | to Ki. or to !;(x + Kf)--
makes the integral (1) an underestimate of the true rﬁ(q). This assertica
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is based on the effect of replacing q by 9 < q in the expressions for Irul2
ve have obnincd,‘_' .8¢» in Eq. (IBD; ™Mg. 8 shows that this replacement
increases Ir“lz at every angle. Actually, this unjustified simple replacement
of q by ql is too crude, and at low energies brings the Glauber predictions
vell above the experimsntal data in Figs. 3 and 4. Nevertheless, it now seems
reasonable that--even if electron exchange is m;li;iblo;-onc shruld expect
the Glauber formula (1) to yield too small inelastic cross sections at those
low energies for which the assumptions ?0?1 = 0 and 1“:(?‘ + fi) = 0 both fail
in s non-negligible range of angles near 6 = 0, By way of numerical
illustration, we note that for ls - 2p excitation at Bi = 30 eV, the right
side of (34) 1s about 0.4 at 30°,

It has been pointed out in section 3.3 that rﬁ('i) is identically
zero for excitatiou to the 2p m = 0 level. One easily verifies that this
result implies the polarization fraction P[Eq. (33)3 of the Lyman a
radiation following ls - ?2p excitation should equal ~ 1 at all incident
electron energies. This result must be wrong, and indeed is quite at odds

3

with the observations of Ott et al.” ", who find P(E 1) decreases monotonically

from about + 0.2 to - 0.1 in the energy range 20 eV < Ei < 700 eV. Moreover,
these ¢:Ine:.-\nti.¢ms33 of P(Ei) are fairly well fitted by FBA calculations in
this same energy range. Because the FBA predictim have not taken into
account fine structure and hyperfine effect complications (which cannot be
:lgnored”). and because the observations include the effects of cascading,

it 19. possible that the agreement between the FBA and measured P(E 1) really

is not as good as it seems. Nevertheless, it is ocbvious that the Glauber fails
badly for the purpose of predicting P(E 1). Since the Glauber has otherwise

been so successful, soms comments concerning this failure to predict P(E 1)

certainly are in order.
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Actually the reasons Glauber predicts P(Bi) 80 poorly at energi :s
as high as 700 eV are not wholly transparent to us, but it is clear that use

Ll -
of K, as the z-axis in our calculations [in Bq. (22), specifically ; is the

i
source of the difficulty. As we have explained, for any given fixed 3 our
results for zlrfi(z.-!)lz susmed ovar all m, should be valid at not too low
energies, independent of the axis o” quantization of the final bound state
wvave functions. This invariance does not hold for any given individual
Irfifa.pf)[z. however. At not too low energies, therefore, it is possible
that the ratio of the individual Glauber partial cross sectianoozp’ls(nf) for
excitation to 2p ne = 0, £ 1 quantized alongiz; can be quite wrong, even
though the sum of these partial cross sections is reasonably accurate at any
given 6.

At very high energies, however, where the contribution to the total
excitation cross section comes almost entirely from forward scattering, so
that there is essentially no distinction between quantizing along-z; and
quantizing along géii +7E;), the Glauber prediction of P = - 1 should be

correct (always neglecting fine structure, hyperfine structure and cascading).

In this limit, moreover, the Glauber and FBA predictions of P should coincide. T

This ultimate coincidence is implied by the claim, in subsection 3.3, that

13

FBA formulas = and numerical calculationsla indicate the probability of

18 - 2p m = 0 excitation at high energies is negligible compared to the

probability of 1s - 2p m = ¢t 1 excitation, with the atomic wave functions

—
quantized along Ki‘

We also can give an independent demonstration of the equivalence
of the FBA and Glauber predictions of P(Ei) in the limit Ei + o, ag follows.

In FBA, quantizing siong ;; only the 2p m = 0 level can be excited. When
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this state makes a radiative transition to the ls state, the angular

40

distribution Q(3) of the emitted radiation is pioportionnl to ainz ¥, vhere

v is the angle between : and 3. the direction of the outgoing radiation. So

Q(P) ~ | - cos* Y = /-[asb’ s, + 56 SIn'G, co:.‘(cp,-fﬂ

+ 2559’, Sm 6y c'_.safcosa, cos [7; - ¢/‘2] - (38)

wvhere the angles Oq, ov, etc., are being specified relative to-i1 as polar

axis. Averaging (35) over the azimuth of ;. for fixed v, we have

<@ (¥ ~ |- cos'By Cos' O - : s,,.=9f sm'éy (34)

Now at high energies and small scattering angles, the predominant contribution
to the excitation is coming from ;'l.ﬁi, as has been explained. So in this
limit (36) rveduces to

Q7Y ~ | -3 8 = 4 (1+cs's,) (37

which is precisely the angular distribution of the radiation one 1nfcra“o for
transitions from 2p m = ¢ 1 to ls, with no original occupation of the state
2p m = 0. Because it is known2¥’33 that the angular distribution Q(a) is
uniquely related to the polarization fraction P, we now can conclude that

* for radiation following ls - 2p excitation the FBA and Glauber P both eq. -1

= 1 in the high energy limit.
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Figure Captions

Figure 1. Projection of the collision on the x,y plane. The %,y plane is the
plane of the paper; the initial velocity of the incident electron coincides

with the direction of positive z, which is into the paper. The vectors 3, :.

ii lie in the x,y plane, and have azimuth angles ‘b”c’”’q respectively, measured
from positive x, as shown.

Figure 2. The 1ls - 28 excitation cross section, in units of noz. computed

via Glauber and various other approximations discusced in the text. Curve 5

is the Burke, Schey and Smith (reference ¥) 1s - 2s - 2p close coupling
calculation, including exchange; curve 6 is the Holt and Moiseiwitsch (reference
17) estimate, using closure, of the second Born approximation; curve 7 is the
distorted wave approximation.

Figure 3. Comparison of theoretical and experimental effective 1ls - 2s
excitation cross sections, in ‘units of uoz. Solid circles, the data points

of reference 21, normalized to FBA at 200 eV; crosses, the data points of
reference 24, normalized to FBA at 500 eV. Solid curve, the Glauber predictioms;
dashed curve, the first Born approximation. As explained in the text, in

order ﬁhat. comparison with the data be meaningful, the theoretical curves must

plot °2¢,lo +v 03','1., vhere y has been estimated to equal 0.23.
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Figure 4. The 1s - 2p excitation cross section, in units of waoz. The
triangles are the data points of reference 30. The curves show various
theoretical estimates of 1s - 2p excitation, computed via Glauber and various
other approximations discussed in the text. The sources for the theoretical
curves are as in Fig. 2, e.g., curve 5 is the 1ls - 28 - 2p close coupling
calculation, including exchange, from reference 19.

Figure 5. Total cross lectiqn for excitation to the n = 2 levels of hydrogen,
in units .of naoz. The triangles are the observations, taken from Figs. 3 and
4 as explained in the text. Solid curve, the Glauber predictiono, from Figs.
3 and 4; dashed curve, the first Born approximation, from Figs. 3 and 4;
dot-dashed curve, the Grysinski classical mndel, as computed in reference 35.
Figure 6. Theoretical 1s - 33 and 1ls -~ Jp cross sections, in units of waoz.
Solid curves, the Glauber predictions; short dashed curves, the first Bom
approximation; long dashed curves, the distorted wave approximation; dotted
curve, a 1ls - 3p close coupling calculation (reference 19).

Pigﬂra 7. Theoretical differential cross sections, in units of na 2

(]
excitation to 2s, 2p, 3s and 3p, at 100 eV. Solid curves, the Glauber

s for

predictions; deshed curves, the first Born approximation.

Figure 8. Scattering amplitude squared, in units of waoz, for 1s - 2s
excitation, as a function of qz = momentum transfer squared. Sclid curves,

the Glauber predictions, at energies of 50, 100 and 200 eV; dashed curve, the
first Born approximation, which is independent of incident energy.

Figure 9. Differential cross sections for excitation of the n = 2 levels of
atomic hydrogen. Curve 1, data points of Williams, reference 37. Curves 2, 3
and 4 are theoretical angular distributions, all normalized to the experimental
data points at 0 = 20°. Curve 2, the 1s - 28 - 2p close coupling prcdictiqno;

curve 3, the Born;Oppenheinet approximation; curve 4, Glauber.
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Figure 10, Differential cross sections for excitation of the n = 2 levels of
atomic hydrogen (a) at 100 eV; (b) at 200 eV. ‘Curves 1, data points of
reference 37. Curves 2 and 3 are theoretical angular distributions, all

normalized to the experimental data points at 6 = 21°, Curve 2 (dashed), the

Born-Oppenheimer approximation; curve 3 (solid), Glauber.
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